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ADVERTISEMENT. 


HOUGH the invention of Logarithms was 
one of the moſt uſeful diſcoveries in Ma- 
thematics, yet caſes frequently occur in prac- 
tice, wherein it is expedient to perform trigono- 
metrical operations without the logarithmic 
canon. On this account, repeated attempts 
have been made, to ſubſtitute certain rules and 
proportions in common arithmetic, in the place of 
the natural and artificial fines and tangents. 
What theſe rules are, and on what principles 
they depend, is briefly ſhewn in the introduc- 
tory parts of the following Eſſay; in which the 
author has endeavoured to collect the obſerva- 
tions of preceding; writers, and has added ſome 
remarks of his own. Hence it will be eaſy 
to extend the principles of analyſis, and 
by comparing the ſeveral equations to conſtruct 
a variety of formulæ, as occalion ſhall require. * 
— Still, however, ſome farther improvement 
' ſeemed neceſſary; the conſideration of which 
gradually led the author to the plan propoſed 
in the third ſection, which will be found on 
trial much more eaſy and accurate, than the 
methods 


Examples are given in the Appendix, 


ADVERTISEMENT. 


methods formerly uſed. If it ſhould be object- 
ed to this plan, that the uſe of @ fable is in- 
conſiſtent with the nature of the arithmetical 
ſcheme, to this it may be replied—that as few per- 
ſons have memory ſufficient to retain the common 
rules without tranſcribing them, ſo the tranſcript 


of thoſe rules would occupy as much pace on 
paper as the annexed table; and therefore the 


one is as portable and convenient as the other. 


The reader muſt not expect to find here 4 
ſyſtem of trigonometry, ſince that was foreign 
from the deſign of theſe pages, and would be 
totally ſuperfluous, after the many excellent 
treatiſes upon this ſubject, already in print. If 
he is not accuſtomed to analytical inveſtigations, 
he may omit a part, or the whole, of the ſecond 
ſect ion: but it is taken for granted, that he has 
a general acquaintance with the common bran- 


ches of mathematics. 
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7 the reader may judge properly of 
the defign of this Eſſay, it ſeems ne- 


ceſſary to lay before him the rules already 
eſtabliſhed by mathematicians, for the reſo- 
lution of plain triangles, without having re- 
courſe to inſtruments, or voluminous tables. 


The doctrine of rigbt-angled triangles is 
generally diſtributed into /e, caſes; but 
theſe are reducible to four, when the opera- 
tion does not depend upon the tables, I 
ſhall place them in the order moſt convenient 


to my purpoſe. 


The FIRST CasE is that of zhe legs being 
given to find the bypatbenuſe : which is ſolved 
by Euclid 1 and 47; or * the ſquare-root 
e of the ſum of the ſquares of the legs = 


* hypothenuſe.” 
B The 


EE 


The Szconp CASE is, the bypothenufs. and 
one leg given, to find the other leg, Here it 
is evident, that © the ſquare-root of the dif- 
ference of the ſquares of the hypothenuſe and 
given leg muſt be the preciſe value of the 
other.” Or more eaſily thus; ſince the 
rectangle of the ſum and difference of any 
two numbers is equal to the difference of 
their ſquares, **- multiply the ſum of the 
hypothenuſe and one leg by their difference, 
the ſquare root of that product will be 
the other leg required,” 


The Tüixp CASE is, tbe fides given, to 
"find the angles: and the rule is, as follows. 
« Half the longer of the two legs added to 
the hypothenuſe, is always in proportion to 
86, as the ſhorter leg is to its oppoſite 
angle,” 21830 


The Fouxrz and LasT Cask is, be 
angles and a fide given, to find another fide, 
For the ſolution of which problem, the fol- 
lowing -rule bay been propoſed by ſome 
writers; “ 


* Particularly by Mr. Emer, in his Elements of Tri- 


gonometry, 
e In 


5 
« In any right angled triangle, as CAB 
(Fig. 1.) let @ be the leſſer angle in degrees; 


FF 5 
then 48 a + 1000 n hyp. AC . OPPO- 
1 4 FA | | 5 — x 
ſite ſide AB, nearly; and as 1: 1 — 22. 
ou 10000 


t: byp. AC : adjacent fide BC, nearly.“ 


Mr. Turner, in his © Plain Trigonometry 
rendered eaſy and familiar,” has revived the 
ſolution firſt given by Mr. Henry Wilſon, in 
his Navigation new modelled (publiſhed about 
1715): which is to this effect. Divide 
4 times the ſquare of the complement of the 

angle, whoſe oppoſite ſide is either given or 
ſought, by 300 added to 3 times the ſaid 
complement; this quotient, added to the ſaid 
angle, will give you an artificial number, 
called ſometimes the natural radius, which 
will ever bear the ſame proportion to the hy- 

pothenuſe, as that angle bears to its oppoſite 
ſide.—In angles under 45 degrees, the arti- 
ficial number may be found eafter thus: di- 
vide 3 times the ſquare of the, angle itfelf, 
whoſe oppoſite fide is given or ſought, by 
1000; the quotient added to 57.3 (the ra- 
qius of a circle, whoſe periphery is 360) 
that ſum will be the artificial number re- 
quired,” 


B 2 It 


14 1 
It may not be improper to obſerve, that 


the latter part of Mr. Wilſon's rule is vir- 
tually the ſame with the firſt proportion, 


— + :: hypothenuſe: oppoſite ſide. 


For ſince the equimultiples of quantities are 
to each other, as the quantities themſelves, 
if the two firſt terms be multiplied by a, the 


3 aa 
1000 


= ep 


analogy will ſtand thus; 57.3 + 
_ byp. : oppoſite fide. 


Theſe are the chief rules hitherto given 
for the 4 caſes of rectangular trigonometry. 


Oblique triangles are treated after the 
ſame manner, by firſt dividing them into 2 
right-angled triangles, by means of a per- 
pendicular, which muſt always fall from the 
end of a given ſide, and oppoſite to a given 
angle. Here, let it be obſerved, (I.) The 
perpendicular will ſometimes fall within, 
and ſometimes without the triangle : when it 
falls within, it falls upon ſome part of the 
baſe, or longeſt fide, as in fg. 2 ; but when 
it falls without, it falls upon one of the 
ſhorter ſides continued, as in fig. 3. In either 
caſe, there are two right-angled triangles 


made, whoſe ſides or angles are to be found 
15 as 


"4-89 
as above. (2.) The /egments: of the baſe, 
occaſioned by the perpendicular falling upon 
it, are eaſily calculated by the following pro- 
portion; as the baſe is to the ſum of the 
other two fides, fo is the difference of the 
fides to the difference of the ſegments of the 
baſe: the half of this difference added to 
half the baſe gives the greater ſegment, and 
ſubtracted from it, the /e/s. 
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AVING enumerated in the former ſec- 
tion the principal rules for the reſolu- 
tion of plain triangles, without recurring to 
tables of ſines, tangents, or ſecants, I come 
now to ſhew the grounds on which they are 


built. 


Among theſe rules, we need not take no- 
tice of the jr/? and ſecond, as every learner 
muſt be acquainted with the 47th propoſi- 
tion of Euclid's Elements. Therefore I be- 
gin with the third, in which it is aſſerted, 
that © the ſum of the hypothenuſe and half 
the 


. — * 2 * 
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the longer leg is in the ſame proportion 


to 86, as the ſhorter leg is to its oppoſite 
angle.“ This rule was originally given by 
Snellius, who deduced it from the ſuppoſi- 
tion of the chord and tangent of an arc 
(under 459) being nearly equal to one ano- 
ther : a ſuppoſition, which can be true 
only in very ſmall arcs, for in the 


| caſe of 40, making radius unity, the 


chord is but. .68404, while the tangent is 
83910. However this circumſtance ſhould 
not prejudice the reader againſt the rule it- 
ſelf, ſince it is found by experiment, that the 
anſwer produced by this proportion is exact 
enough for all common purpoſes.* 


Beſides, as Mr. Wilſon has ſtated the 
matter, in his T71gonometry improved (p. 18) 


It comes ſo near the, truth, as very frequently to give 
the anſwer right in minutes; and I cannot but think it 
matter of admiration, that a rule ſo fmple (by much the 
fimpleſt of any diſcuſſed in theſe pages) ſhould be capable 
of this accuracy.— To give but one example. Let the 3 
fides of a right-angled triangle be 1277, 1124, and 606: 


(where only 2 ſides are known, the zd muft be found by 


calculation); now 1277 + 562 = 1839. And 1839: 
$6 :: 606 : 28. 33 + that is 28?, 20: which is the 
exact anſwer by the logarithms, and leaves the remaining 
angle = 619, 40. 8 


there 


1 
there is no occaſion to argue from ſuch erro- 
neous premiſes. The demonſtration he there 
gives is grounded on the ſuppoſition of equa- 
lity (not between the chord and tangent of 
an arc, but) between the arc itſelf, and a line 
much % than the rangent. 


I (hall quote his own words. In the tri- 
angle ABC (Fg. 4) continue the longer leg 
C both ways, and with the extent AC, and 
one foot in the leaſt angle, deſcribe the circle 
_ FAD; make FG = FC, erect the perpendi- 
cular or tangent line DE, and draw GA con- 
tinued, till it cut the ſaid tangent line in E,* 


« Now it we grant the arch AD equal to 
the right line DE, and the diameter of a 


*The reader muſt carefully obſerve, that though DE 
is a tangent line to the circle at the point D, yet it is by no 
means the tangent of the arch AD: and to convince him, 
how nearly it approaches to an equality with AD, even 
when the arch is 40 I will ſabjoin the calculation in 
numbers. Putting CA, or CD = unity, we have AB = 
64278, and CB = .766c4, by the table of natural fines, 
Hence GD is = 3, and GB = 2.76604; and fince GB: 
BA :: GD : DE, we ſhall get .69714 for the true mea- 
ſure of DE, which differs very little from .69813 the real 
length of the arch AD.— This view of the ſubje& ought to 
| reſtore the credit of Sre//zus's rule, which has needleſsly 
= ſuffered, by the abſurd principles on which he grounded it. 
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circle to. be to the circumference as 1 113 to 
355» the proportion follows thus: 


« Tn the ſimilar triangles GBA, and GDE, 
it is as GB to BA, ſo GD to DE, (Euclid. 
Lib. VI. Prop. 4.) and if DA be equal to 
DE, it is as GB to BA, ſo GD to DA; and | 
becauſe we are endeavouring to meaſure the 
angle BCA by the arch AD, it muſt be ſup- 
poſed to be an arch of a circle, the whole of 
which contains 360 parts or degrees, and its 
half DAF 180; and by the above-mention- 


ed proportion its diameter is 114 43, and the 


half of that, vis. 57 21 is radius, and three 
times 5771 is 17151. Now, becauſe by 
conſtruction GD is 3 times radius, VIS, 
17153, which for evenneſs of numbers we 
will call 172, and GF is equal to FC, equal 
to CA the hypothenuſe, and CB is the longer 
leg, it will be as GB (twice the hypothenuſe, 
and once the longer leg) to GD (thrice ra- 
dius, or) 172, ſo BA the ſhorter leg, to DE, 
which is granted equal to DA, which (DA) 
is the meaſure of the angle E required, 


cc Therefore, taking half the two firſt terms, 

it will be as the hypothenuſe added to half 

the longer leg is to 86, (the half of 172) ſo | 
the ſhorter leg is to its oppoſite angle.” 
S thall | 
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I mall next ſhew, how the ſame rule or 
proportion may be derived, in a very differ- 
ent manner, from a fluxionary equation: 
which may be thus expreflcd in the form of a 

LEMMA . 


If the length of any arch in a circle be 


denoted by x, its radius by 7, and its verſe- 


_ 


fine by v, then = = = Dew? whoſe fluent, 


in an infinite ſeries is 3 = Vero, * A + 


B+: — == ice. where A, B, C are 


" 8r "+ a 


the n terms. * 


Hence we may prove the following 
PROPOSITION... 
Fig. 5. In any right-angled triangle, CAB, 


As the ſum of the bypotnengſe and half the 


longer leg, AC ! CB: 
To $6 :: 
So the Ho leg, AB: 
To its ofpeſte angle, C, nearly, 
* 'The . of the Lemma is omitted, becauſe 


it occurs in moſt treatiſes on the Doctrine of Fluxions. 
See Hoagſon, p. 228. Sim;ſon, p. 165, &C. 


C DEMON. 


us 1 
DEM ON. 
From C deſcribe the arch AD: then BD 


(or v) is the verſe fine = CA—CB, and AC 
(or Þ) is the radius. By the lemma the arch 


AD = vio + — 5 B. ke. Bat as 


half the 1 (4. 141505): 180 2: AD; 


. 90 
degrees in AD = 2380.00 HAR ADS 222 29 
Li 7 


* Au +=; A, &C. 
Let CB, AB=c, a=angle C in de- 


= (by evolution) W 25 , &c. 


Now we have proved a= : Hau 


Z 
> -»2hv nearly: multiply theſe two 


equations alternately, the firſt by a, the ſo- 
cond by c, then, a x : V — 57 N = 


2 5 x : /2bv + — Vibe; divide by Va, 


1 
(for vB ) =@ x _ Moltiply by 
zb, then, 4 * _ = 171. ge = "on EH 


that is, a 5 + == 86c, or þ +=: :86 «: : 
a, Q. E. D. 


It now remains, to inveſtigate the rules 
laid down for the ſolution of the fourth caſe 
of right angled triangles; viz. the angles 
and a fide grven to find another fide. And 
here again we muſt have recourſe to fluxions, 
by means of which we derive another con- 
venient and moſt uſeful | 


LEMMA 
If the length of any arch in a circle be de- 
noted by 2, its radius by , and its right-fine 
2 


by , then : rg: And the fluent 


beihg taken, 2 2 =} + == þ — 
+ &c, Hence by Wen 91 Aten pl 


3 "A 7 
— — — — — — — +6&c, And 
#439" 2.314. Fr 2.3.4.5. 6. r 


the coſine of the arch yo Vn) = = 7 — 
6 
a is. | 


2 * 2+ | K 


ar of 7  B 3. r T .. 87e => 


Vid. Emer/on's Tiigonometry, p. 97: 


C 2 By 


1 7 


By the aſſiſtance of this laſt equation, we 


ſhall be able to demonſtrate the following 


PROPOSITION. 


Fig. 5. In any right-angled triangle, if 
a be the le Yer angle in degrees, then as 


23, 2-54: : %%. AC: oppoſite fide: AB, 


Aa 1000 
nearly and as 1: 1— = £ hyp. | AC: 
adjacent fade BC, nearly. 


DEMON: Paxr I. 


Let radius.CA or CD S b, arch AD = = 2. 
It appears from the former prop. that the 


degrees in AD = — 8 x AD, or a = w_ 


. ah 
**. | Therefore > = ——, and putting m 


_ A 
3 


5 24 
poſition, coſine CB = — — 5 +x7 7d” &c. 


„2 = mb. By the Jemma, to this pro- 


Therefore CB = 4b — 2* + = 2 * &c: there- 


27 * 


for AB* (CA: — CB-·) = 2.— and 


24a: 5. 


extracting the root AB = 2 — = = putting 


mb = 2) mh — =, = WO 1 * me" » 


a a a3 


” Shan 


* 


822. 


tw 


AB 1 | 
then'b = = AB x TYP = AB 
. 
* += = AB x 0:3 5 5 
2: 12; CAETAY, nearly, QE. 7 5 
© A «K+ 3 


If CB = e &c. and 2 = - mb, "then 


c N 5&0. CAR — = CA 


x j—== CA * 7 Ie, whence the 
2 10000 | 


SICK + . 5 
£3 


proportion 1 1:1 — 8 T1172: Lge 2 B. C. 


10000 | 
. FE. D. + bet act zel bas 


From the ſecond part of this demonſtration 
is derived what we generally call Wilſon's 
Rule, (See the former 8, ) and the inveſti- 
gation is as follows. We have proved CB 


= CA x ng} now put c=99®, Y =, 


and divide the foregoing equation by 1 — 


— ad 


221 + Then CA * CB * Tg — 5 and CA 
dun 8 un 8un 
— "Ip © : 4 — 5 2 — n=___ 
x} = CB x y +5 But > S = 
an ; 
Fs 


1 
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 Snellius's proportion; thus 


p _ — — . — —— e 
r ̃ 11 ]— ü . . . 5 


14 ] 


— — — 


8 — 


+ £35 - —= &C. = 202 + za, which may be called 


uM + 34 nearly. Therefore, CA x y = 
=, Which is the rule itſelf, 
300Þ 3@ 


expreſſed in algebraic terms, 


CB x y+ = 


There is another method (called Forfeer's 
rule) of determining the relation between 
the ſides and angles of a right-angled triangle, 
which, though not ſo convenient as the 
above, yet appears deſerving of a place here. 
Suppoſe n=57.3, += hypothenuſe, S longer 
leg, and a = degrees in the imaller angle; 


and let the fide oppoſite that angle be con- 
ſtantly put = unity. Then 


22 an = 
= — — . 
aa 3 


and 6 = — 26. 


Theſe two equations are derived from 


If 5 + 


t:: : 4, then > — = ha + = Con- 
ſequently 37 = 2ba + bo, and == iD + b, 


Hence 5 = = — 26, which is the ſecond 


formula, ſo that if V be known, 5 may be 


deter- 


Tl 

determined, Again, Go 2h = —.— 35 we 
have þ = LL 2 2 — P and 
therefore = — — 25 A. this W 


un 


reduced gives þ = = — — 228 which 
is the ft of the above Ann he 


* As in theſe equations, » and q are known and con- 
ſtant quantities, their numerical Wk may as well be ſub- 


ſtituted. That is; 32 6 9 2223333 


7 


and 3 12 — 2. 
a 


N. B. Since by this rule we only gain the relative 

value of & and 5, it will be neceſſary to multiply them by 

the true value of the ſhorter leg in any given caſe, in order 
to obtain a proper ſolution of the problem. 


SECT. 


i 1 bs. 
'F ECT; 

if T appears from, the preceding pages, that 
1 one of the moſt eſſential problems, in the 
'F reſolution of right-angled triangles, is that of 
is the angles and a fide being given, to find ano- 
[' ther fide. This has been the ſubject of re- 
i peated diſquiſition; and different writers have 
„ offered different methods of {olving it. Vet, 
if after all, I am diſſatisfied with the long cal- 
1 culations they frequently require, and ſtill 
i more ſo with occaſional proots of their inc. 
„ rectneſi.x To remove theſe inconveniences, 
* I once thought of an abridgement of the na- 
1 tural fines, which would anſwer the purpoſe 
i _ ſufficiently, if they could be reduced to a 
1 very ſmall ſcale; but in the higher parts of 
. the quadrant, ſo many decimal places are 
1 requiſite to diſtinguiſh the ſines with accu- 
. racy, that I am perſuaded the attempt will 
Ul: ever prove abortive. This circumſtance, to- 
if gether with a cloſe examination of the pro- 
_ portional mcreaſe of ſines (conſidered 1n the 
| 1 For example; the natural radius of 439, as found by 
| | IWilfon's rule, is 62.84, whereas it ought to be 63.05, 

| [ light 


1 

light of fluents) induced me to conſtruct a 
table of Tadii, inſtead of fines, for every de- 
gree in the quadrant. For I found, by ffum- 
berleſs trials, that though the rate of increaſe 
was exceedingly irregular among the fines, 
vet on the ſuppoſition of every arch having a 
diſtin radius, the fluxions of ſuch radii were 
remarkably uniform. For example; if the 
fine of an arch (radius being 100,000) be 
confidered as a fowrng or increaſing quantity, 
it changes fo quick through the firſt Hd of 
its courſe, as to riſe from 29 (ſine of one 
minute) to go, ooo (fine of 30“. But if 
the natural radius be made a variable quan- 
tity, it only paſſes through the augmentation 
of 4. 7, * the ſame portion of the quadrant: 

for at 1 it is 57:3, and at 300 it is no more 
than 60. I allow that when the arch be- 
comes much greater, the fluxion of the ra- 
dius is accelerated, but it never increaſes by 
one entire unit in any ſingle degree. This 
being the fact, I was led to hope, that if a 
table of radii was calculated only for degrees, 
the value of any radius for the intervening 
minutes might be found by proportion. Ex- 
periment has confirmed this theory beyond a 
doubt : and I can put the reader into an eaſy 
D method 
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1 
method of ſatisfying himſelf of its truth; 
for let him make trial of the ſemi-degrees 
only, and he will find that the radius taken 
by proportion, univerſally correſponds with 
that found by the legarithms: and therefore 
it may fairly be concluded, that all the mi- 
nutes above and below the middle point will 
anſwer with exaCtnels, 


Theſe things being premiſed, I proceed to 
explain more particularly the nature of the 
table ſubjoined to this ſection, It is divided, 


for the ſake of convenience, into three co- 


lumns, and each of thoſe columns into three 
more, Of theſe, the i is marked A, as 
it contains the degrees in every arch or angle 


of the quadrant, in their natural ſeries; the 
ſecond) is entitled R, containing the radii of 


thoſe degrees, both in whole numbers and 


decimals, which have been calculated with 


the utmoſt care from the beſt edition of 
Vlacg's Logarithms ; the third is marked D, 
becauſe it expreſſes the difference between 
one radius and another, the uſe of which will 
appear quickly: and here let it be noted, 
that the difference of any two radii is placed 
oppoſite the larger of them. At 
the 


FA. 
1 
2 


3 


. $M 


1-881] 
the back of the table, you have the de- 


cimal value of every minute in a degree, 


which though not eſſential to the table, will 
be found very convenient for practice, as it 


| ſaves the trouble of reduction in working a 


problem. Here it is proper to inform the 
reader, that whenever the laſt decimal fi- 
gure is either 3 or 6, the quotient would 
continue the lame ad infinitum. 


With reſpect to the practical uſe of the 
table, many words are not needful. When 
the given angle conſiſts only of degrees, the 
natural radius is found by inſpection : Thus 
the radius of 438* is 61.72. But when the 
angle includes minutes as well as degrees, 
then the following operation is neceſlary ; 
look into the table of minutes for the deci- 
mal value of the number aſſigned; call it 
m; then look into the column marked D, 


for the difference between the 2 neareſt ra- 


dii, and call that 4; mM x d added to the 
ſmaller radius, will give the true radius re- 
quired. As for Wage ſoppoſe the angle 
given to be 439, 25; in this caſe my = 416, 
and d. 29, whoſe product is .12064, which 
being added to > 63. 05 (the radius of 43*) we 

"A Þ have 


+X 


20 


have 63.17 for the radius ſought, Or ſup- 


poſe the given angle was 59, 47; then 22 
S 783, d. 45, and md S. 3 5235: add this 


to 68.83 (radius of 59) and you will have 


69.18 for the term required. 


The reaſon of multiplying n by d will be 
manifeſt, by ſtating at length the following 
proportion ; as the whole number of minutes 
in a degree, to the whole difference of radii 
in the table, ſo is the fractional value of any 
aſſigned number of minutes, to the correſ- 
pondent difference which is fought, Here 
the firſt term is expreſſed by unity; therefore, 
the fourth is ſimply the product of the ſe- 
cond and third; on which account, the 
operation mult always be eaſy. 


I ſhall now give ſome examples of the 


application of this table to that caſe in right- 


angled triangles; the angles and hypo- 
thenuſe being given, to find either leg; e- 
vice verſa, 


EXAM- 
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EXAMPLE I. 


J = In the right-angled riangle ABC, (Fig. 6). 
3 Given = 8 5. . equi AB. 


9? 


3 81044 

= 57-95 . 

57-90 

4Y Angle A : BC : : Radius 


7 15.116——86——57.96 


dts. ah 1 
9 d ; 7 6 
; | 3 
* ö 4 / 
5 : 8 
F841 * 
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XY 4. 6 3 6 


3 LT 16)4984. 50(329 7=AB 3 
F 44976 

I | 147440 
1 113960 
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EXAMPLE II. (Hg. 6.) 1 
f - RS 
Given f AB . 7 45 Required B BC. 
75= 


22 J 


II 
— 
” 7 
150 
1375 
60.59 
60.74 
Radius : AB :: Angle A 
60.74—987——33-75 
5 987 
2362 5 
27000 
5 
60 74)333 11.250548 BC. 
x 29412 
51165 
2573 


EXAMPLE III. (Fig. 6.) 
| Given Las- 55 * Required AC. 
* 42 
4d = 14 0 
67-54 
67.05 * 
* When the minutes are an aliquot part of a degree (as 


2 half, a third, a feurth, &c.) there is no occaſion for a 
formal multiplication of 1 by 4. : 
| | Radius 


( 23 1 
Radius : AB :: AngleB 
67.08——496—56.33 
490 


33798 
50697 
22532 


67.68) 27939.68 (412 = AC. 
; 8670 
19088 
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EXAMPLE IV: (Fig. 6.) 


Given 155 575 53 Required AB. 
.883 = m 
66 =d 
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Angle B : AC :: Rad. 
74.088 3——315——77+50 
315 

38780 


Eo. 
23268 


74. 883)2443 I 400326 AB. 
196650 
408840 


19542 


Having ſo far illuſtrated the manner of 
working by the table, it is proper to ſhew the 


difference in point of /abour, between the 


old method and the new: To this end 1 


1 reſolve the laſt of the above caſes by 
r. Vilſon' rule. 


The complement of the given angle is 
185 7, or in decimals 15. 116. 
15.116 
3 3 
45.348 


300 
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15.116 
15.016 . 


90696 
15110 
15116 


=} 75580 
15116 


228.493456 
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345.34)913.973824ʃ2. 646+ 
223293 
160898 
227622 


2.646 20418 
74-883 


vF; 529=Radius, or more conveniently 77 53 
Ang. B: AC:: Rad. 
74. „ 1577.53 
315 


38765 
7753 
23259 


74. 883) 24421 95(326 AB. 
195705 
459290 
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=_—: - Thus it appears, that in a very ſimple ope- 
4 | ration, a great deal of trouble is ſaved, eſ- 


pecially in the practice of diviſion : to ſay 
i nothing of ſuperior accuracy; for had each 
4 operation been continued to decimal places 
in the quotient, the latter would have been 
found defective. But I ſhall advance a ſtep 
farther, and ſhew the uſefulneſs of the new 
table in a more complicated caſe of trigono- 
metry (as performed by common arithmetic) 
and yet a caſe that frequently occurs; name- 
ly, WHEN THE ANGLES AND ONE LEG ARE 


— K 
* 2 W 


14 GIVEN TO FIND THE OTHER LEG, AC- 
Ihe. cording to the uſual proceſs, this cannot be 
ll ſolved by any direct rule in the firſt ſection, 
li but muſt require a ſucceſſive application of 
ith rules: as firft, for finding the natural radius - 
1 ſecondly for finding the hypothenuſe; and 


thirdiy for finding the other leg by extraction 
of roots, which is to many perſons a labo- 
rious taſk. 
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Now I ſhall point out a method, in which 
| there is no occaſion to find the hypothenuſe, 
1 and wherein the ſimple rule of three is a ſub- 
i ſtitute for evolution: and aiter giving two 
examples of ho practice, in the caſe propoſed, 
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I ſhall next apply it to the ſolution of a pro- 


blem in oblique trigonometry; which will be 
allowed perhaps to be the ſtrongeſt proof of 
the advantages reſulting from the new table. 


E X AMPLE I. 
In the right-angled triangle ABC, (Fig. 6) 


we have given the angle A= 37*, 30, B 


52*, 30, and the leg BC = 85. . 
the leg AC. 


Here I look into the table for the radi! of 
the two angles, and place them in order 
thus ; 

37-5—01-6 
Wo 1 17 


As theſe numbets ſtand, the angles are 


conſidered as fines, and therefore each has a 


diſtinct radius: but it will be eaſy to throw 


Z out one of the radii, and reduce either of the 


fines to the correſpondent value of the other 
ſine, In general it is moſt convenient to re- 
duce the /maller term to a conformity with 
the . 
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Therefore, in the preſent caſe, 


61.6 : 37.5 :: 66.17 : 40.28, which may be 
37.5 called the artificial 


Ine of 37.5, with 
33085 rad. 66.17 
46319 


19851 


61.6) 248 1.375 
1737 
395 


1 


Having found the artificial fine, I proceed 
to work on this common principle, * that 
the ſides of a triangle are proportional to the 
ſines of their oppoſite angles; that is, 
40.28: 85: : 52.5 

85 
2625 
4200 


40.284462. 5(1 10. = AC; de leg 
4347 required. 
31700 ” 


3804 


The above queſtion is taken from Mr. 


Turner's Trigonometry (p. 15); and to ſa- 
tisfy 


res. Þ 
tisfy the reader which of the two methods is 


the /borteft and eafieft, I ſhall tranſcribe the 
ſolution there given. | 


(J.) Find the natural radius to 375, 30, 
37.5 1 
Ws”; 


1875 
2625 


„ 


1406.2 5 
3 


1000) 4.218. 75 
"973 


61.5 1875 
But 61.52 is exact enough in practice, 


* 
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(2dly.) Find the hypothenuſe AB. 
Ang. A: BC : : Radius 
37.—85— 51.52 ” A 
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4.44 
85231 


Multiply by diff. 54.44 


200 
Find the ſide AC. 
To hyp. 139.44 
Add perp. 8 5 


89776 

9776 
89776 

1547469 


112220 
82636 
66309 


30 J 
37.5) 5229. 20(139.44 = AB 
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1700 
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3542 
11025 
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Sum 22 


21) 22 
221067) 1632700 


* 


(34%. ) 


TN 
"ey 
O 
pune 
| 
— 
\O 
. 
. 
15 
O0 
jane 
Q 
Q 
— 
— 
5 
— 
Ss 
8 
2 
> 
ſl 


Woo one re e ng ie REAR ub ggst Nan nA 1 K — 
4 ö —ͤů —„¾ „ « « „ mꝶmm "WO 0 14.05 HOI... » * 
nee 2.4 r 8 2 a FE 

7 0 : 


. . 


> 7 N 


FT 

1 4 . 4 3 — . * 

A — DDr EF Ry & $34 rh dt## Sat, ip. the: fre 1 — 
4 on * # * 92 - 


N e eee w ramry_r rw ee 
_ R uy 1 8 K 288 * +.» 


i Ri ere gt Joe batons nie een ge 3 * , | | 'TA 3 n r a S CITIES TER ICI 


„ 
EXAMPLE II. 


In the right-angled triangle ABC, (Fig. 6) 
there is given the angle A= 397, B= 517, 
and AC = 266. 


To find the other leg, BC. 

39—61.97 

| 51— 65.62 

iſt proportion, 61.97: 39 :: 65.62 : 41.297 
= artificial ſine of 397 


2d proportion, 51: 266 ::41 3215.4 = 
BC. 


Radii compared 1 


EXAMPLE III. 


In the obligue triangle ABC, (Eg. 2.) 


i (Angle A 30e Required the 


Let there begiven4 Angle B 45 fides, AC 
Side BC 290 and AB. 


If this Naht were to be wild by the 
common rules (Vid. 1.) it would be neceſ- 
ſary to divide the triangle into two r:ght- 
angled triangles, by means of a perpendicu- 
lar (as CD) from C, on the fide AB; then 
the natural radius muſt be found for the an- 
gle at B, by means of which, and the ſide 
CB, the length of the perpendicular is ob- 

_ tained : 
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tained: After this, with a ſecond natural ra- 
dius, find the ſide AC in the other right- 
angled triangle; by ſubſtracting the ſquare of 
CD from that of AC, and extracting the 
ſquare root, we determine the ſegment AD: 
and by a ſimilar operation we learn the va- 
lue of DB. Whence the length of the whole 
baſe is obtained.— Here, there is not 
only a very tedious courſe of calculation, * 
but the inconvenience of not being able to 
find the length of AB, independentiy of AC: 
which by the zew ſcheme, is effected with 

the utmoſt eaſe; as follows. 


The hs at C=105?; the ſine of this is 
the ſame as the fine of its ſupplement ; there- 
fore ſubſtitute its ſupplement = 7 5* (for 180 


— 105 =75)- 
Radii of A and C compared 15 — 64 
Then, x) 60: 30: : 77. 64 38.82 


2) 38.82: 290: : 75: 560 = length 
of AB. 


1 Longa «ft injuria, longe 
Anbage. VIRG. 


Again, | 


LIM] 
Again; to find the ſide AC, proceed thus, 


—60 _. 
Radii of A and B compared Ag 563.64 
E 1) 60 : 30; $ 08:04. 1 368 
2) 31.82: 290:: 45 : 410 = fide AC. 


EXAMPLE IV: 
In the oblique triangle ABC (Fig. 3.) 
A =40, i 
Ge . nn BC. 
ö AB = 380 


Radi compared tHe. — - 


I) 61.02 : 35 :: 62.29: 35.7 
2) 35-7 : 380 :: 40.25 : 428 = BC: 


EXAMPLE V. 
In the oblique triangle ABC (Fig. 3.) 
H A2 27 
= Given 3B = 113 C Required AC. 
= BC = 98 : 
Note, 180—113 = 67 = ſupplement of B. 


; Radii of A and B compared f a "IOC 
75 


72.78 
1) 59.47 27.72.78: 33 
2) 33:98 :: 67: 198 = AC. 
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From theſe examples, I flatter myſelf, it 
is evident, that the plan now propoſed to the 
public, is of conſicerable ſervice even in 
oblique trigonometry; not only, as it facilitates 
the problems which are referred to right- 
angled triangles, but as it affords a direct 
ſolution of one of its principal caſes, vig. 
twwo angles, and a ſide being given, to For the 
other two fades. 


I ſhall only add, that the uſefulneſs of the table annex- 
ed is not confined to triangles; but may extend to thoſe 
problems in general, which are reſolved by finding the 
fine, tangent or /ecant of ſome given arch. For all theſe 
may be determined from hence, with ſufficient accuracy, 
when the uſual canon is not at hand. Suppoſe, for ex- 
ample, the given arch = 480; then its /ne (with radius 
znity) muſt be the quotient of the arch divided by the ta- 


bular radius, = = = 74314; and its ce, or the 
line of 42, = ==: : hence by known rules, we have the 
2.77 


| | X /ine 
verſe-fine = 1 — coline ; the tangent = — 25 ; and the 
Cofint 


fecant = 
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APPENDIX. 


AVING ſuggeſted in the beginning of 
this Eſſay, that from the analyſis laid 
down in the ſecond ſection, ſome new for. 
mule might be raiſed for the ſolution of 
triangles, I ſhall here preſent the reader 
with three of the moſt uſeful equations, "Oe 
have hitherto occurred to my yy | 


2 1 & 
* * 14 


It has been ſhe wn (p. 11, and 130 il 
in any right-angled triangle, if 4 be the 
leſſer angle in degrees, 5 = hypothenuſe, 
þ = longer leg, and c — leſs, then a x 


— 


+53 bm = 172C; and Þ = * X I — 1 
From theſe equations, I have deduced the 
following, but ſhall conceal the proceſs for 


the ſake of exerciſing the learner ; for con- 
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In applying theſe equations to practice, 
there is no great difficulty; the two laſt are 
moſt uſeful, becauſe taken together they 
form a compleat caſe in trigonometry; 
whereas the firſt equation is limited, being 
of little value, when + and c, inſtead of 5 
and 6, are the given quantities, However, 
they all poſſeſs ane convenient property 
(when rightly applied) that of diſcovering 
the thing ſought, without ſubjeQting us to 
the neceſſity of finding the other parts of a 
triangle. I ſhall give an illuſtration of each 
in numbers. 


EQUATION I., a = 9 


Let 3 be a right-angled triangle, 
having 5 = $520, and b = 432; required 
the angles: y 
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EQUATION 2d. U , 
where 22 Genifies — 4-4 


Let there be given, in a right-angled 
triangle, @ = 37%, 30, and c = 85; re- 
quiced 6? 

| (See above, p. 27.) 
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EQUATION 3d. c f. 


In a right-angled triangle, ſuppoſe @ = 
49, and b= 248; required c? 
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It muſt not be expected, that any of theſe 
formule will always give the anſwer with 
exactneſs; for they depend, like WViſſon's 
rule, on principles of approximation, and 
approximation implies ſome degree of defect. 
This circumſtance increaſes the value of the 
new table, which inſures an accuracy un- 
attainable by the common ſchemes. 
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